Diffraction and interference represent characteristic behaviors of waves. We proposed a new diffraction effect of gravitational waves described by the exact diffraction solution of gravitational waves using the Heun function. We demonstrated that a bright spot, an effect analogous to the Poisson-Arago spot in optics, will appear when an ingoing (quasi-)plane gravitational waves is diffracted by a Schwarzschild black hole. For normal incidence (quasi)-plane waves with frequency 100 Hz (0.1 HZ) diffracted by the center black hole of the Milky Way, the time delay between the earth bathed in a bright spot and witness the minimum of the first dark stripe is 5.4 (5400) days. This new diffraction pattern could be detected by future ground-based and space-based gravitational wave detectors.
INTRODUCTION
In 1916, Einstein made the great prediction of gravitational waves [1] . Since 2015, these spacetime ripples have been detected by LIGO and in conjunction with Virgo [2] [3] [4] [5] [6] [7] . Diffraction and interference are the nature of waves as shown by pinhole diffraction and double-slit interference. The wave effects of gravitational waves (GWs) have been studied in NewtonCoulomb potential limit in the context of strong lens [8] [9] [10] , where a gravitational potential plays the role of optical convex lens. Although there is no argument on the wave nature of gravitational waves confirmed by the detections, the diffraction of gravitational waves, being an important property of these waves, will be extremely interesting to observe experimentally.
In the history, the Poisson-Arago spot appearing in the shadow of an opaque disk is an "experimentum crucis" to display the wave nature of the light by showing the diffraction pattern. We will strictly study the diffraction effects of GWs in the background of a black hole by using the full theory of relativity, and show the similar effect as Poission-Arago spot.
In this paper, to estimate the measurement effect of the diffraction pattern of gravitational waves, we demonstrate that a Schwarzschild black hole does a similar work for gravitational waves as an opaque disk in the Poisson-Arago effects in optics. We found for enough large distance r and small angle approximation krθ 2 << 1, the amplitude of gravitational waves becomes
where θ is the forward scattering angle, Ξ = rθ is the radius coordinate in the polar chart at the image plane and J 0 is Bessel function of the first kind (see more detail in Eq. 25). Although the observational angle is quite small, this spacetime stripes are waveform independent phenomenon and could be detected by future ground-based and space-based gravitational wave detectors.
DIFFRACTION PATTERN OF GRAVITATIONAL WAVES BY AN OPAQUE DISK
Gravitational waves, without back-reaction, propagating on a Schwarzschild black hole background is described by the Regge-Wheeler equation [11] ,
Here, Φ l represents the l-partial wave of the gravitational wave with angular momentum √ (l + 1)l relative to the scattering center. t is the Schwarzschild time coordinate, and x denotes the tortoise coordinate, which is obtained by a coordinate transformation by using the Schwarzschild radius coordinate r and the Schwarzschild mass M,
V l is the effective potential,
where s is the spin the particle, for graviton s = 2. For universality of this method we introduce the mass µ for the graviton.
For a wave at a given frequency ω, the radius equation reads,
The scattering boundary conditions requires,
where φ l ∞ (r) is some function of r with finite norm. Since gravity is a long-range force, plane wave does not exist no matter how far from the scattering center. It is not unusual to impose more than two boundary conditions to second order differential equations. For example, if one put n conductors in a space, one needs n + 2 boundary conditions in electrostatics. Eq. (5) is a confluent Heun equation, which has 24 independent local solutions, comprising a group which is isomorphic to the Coxeter group D 3 . The regular solution which satisfies the three boundary conditions simultaneously reads [12] , (7) where
K is an normalization constant, Heunc (a) is the angular generalized spheroidal function of the c-type, which is a special solution of the Heun equation (Eq. 5). This solution is a superposition of ingoing waves and outgoing waves. Roughly speaking, it corresponds sin(r)/r in the short-range interaction scattering problems. The diffraction stripes can be derived by
OBSERVATIONAL CONDITION FOR THE DIFFRACTION PATTERN
In principle, the amplitude of the gravitational wave at any spacetime point can be calculated by 13. However, this formula is fairly complicated, and thus inconvenient to apply in astrophysics. Now we discuss its asymptotic behavior at large distance. First, we need to confirm that it describes a (quasi)plane ingoing wave at r → ∞. We make an eikonal approximation,
in which the angular quantum number of l a graviton can reach infinity satisfiing l >> 1. Thus the effects of spin s of the wave is negligible. That is, scalar, vector, and tensor wave approximately obey the same equations. This point can be confirmed in the following equation. At large distance and eikonal limit, φ ls becomes
where δ l is the phase shift of the l-th partial wave, and we define k 2 = ω 2 − µ 2 . At the eikonal limit we obtain the phase shift
by using the zeroth order WKB approximation. At the massless limit µ → 0, the scattering function φ ls goes to
Clearly, we get back to the familiar result of the NewtonCoulomb potential scattering [13] . Similarly, the ingoing waves will be skewed no matter how far it is from the black hole. So an exact plane wave does not exist in a black hole spacetime. Directly, the plane wave e ikz is not a solution of the Helmholtz equation with a 1/r potential. For massive graviton, the scattering wave behaves like the scattering in a double Newton-Coulomb potential in the Minkowski space. One dwells at the scattering center r = 0, and the other resides at r = M.
At the eikonal limit the gravitational waves can be treated as gravity rays (analogy to light rays). It is well known that the rays with impact parameter less than 3 √ 3M will fall into the Schwarzschild black hole [14] . Physically, they no longer make any contribution to the waves at infinity. At this point, a black hole serves as an opaque disk in the Poisson-Arago effects in optics. Note that, a black hole is almost the unique opaque disk which can shield gravitational waves.
Because of the oscillatory behavior of φ ls at r → ∞, generally the summation in Eq. 13 is divergent when l goes infinity. Fortunately, a classical technique, the Fresnel half wave zone method, can avoid this difficulty. According to this method, the first 1/4-zone presents the full information of the diffracted waves, and the residues just cancel each other. We call such a 1/4-zone the effective region. This argument is also applicable to the gravity rays and, in fact, any rays satisfy supposition principle. Note that this method does not work for strong gravitational waves, for which the back reaction effect is so strong that the supposition principle fails.
For angular momentum J of a graviton with angular quantum number l reads,
Other the hand, a graviton with impact parameter ρ has angular momentum,
For the Fraunhofer-type diffraction, we have,
where λ is the wave length of the scattering wave, ρ 2 and ρ 1 are the radius of the interior and exterior edges of a half wave zone respectively, and L is the harmonic mean of the distances between the scattering center and the source and observation point, respectively. The wave which can reach the observation point has a minimal l min ,
Far the Schwarzschild case, r 1 = 3 √ 3M. l max reaches the maximum value at the exterior edge of the effective zone,
So one will detect a wave amplitude,
Comparing to Eq. 13, the above equation is greatly simplified.
In the language of optics, it is enough to consider paraxial rays. Further, for small angle diffraction we use the asymptotic formula of the Legendre function,
To summary, the amplitude of the diffraction pattern of gravitational waves (Eq. 13) in the condition of enough large r and small forward scattering angle approximation becomes,
where Ξ = rθ is the radius coordinate in the polar chart at the image plane. This result looks similar to the result of the scalar scattering image [15] . This is not surprising since only gravitons with large l have effects on the image. For such a graviton the coupling result of the orbital angular momentum and spin angular momentum is effectively equal to the orbital angular momentum. At the eikonal limit, massless particles with different spins obey the same equation of motions. A technical detail in our demonstration is that we do not need to replace l(l + 1) with (l + 1 2 ) 2 by hand. Mathematically, the Poisson-Arago point of light has a form ∼ 1 + J 1 , while here we obtain a form proportional to J 0 for gravitational waves.
IMPLICATION AND DISCUSSION
At the eikonal limit, the amplitude of the diffraction waves at large angle is much lower than the amplitude of the forward scattering waves. Therefore, only gravitational waves from a source located within a scatter angle, the angle between gravitational waves propagate direction and scatterer (the opaque disk) direction, could be detected their diffraction fringes. The starting point of angle estimation here is different from the case of Single-Slit diffraction of gravitational waves (if it can be realized). In this example, the small angle approximation (Eq. 25) is applied. When one needs the full information of the diffraction waves in the total space, one has to go back to the full form of the wave (Eq. 13). If an error of 1% or 5% of Eq. 25 compared to the exact form (Eq. 13) is permitted, the apex angle of the cone is 7.1 0 and 13.9 0 , responding to 1.5% or 3% percent of all-sky, which means only a few part of gravitational wave source population could be observed the Poisson-Arago spot of gravitational waves.
Since we use the eikonal limit, the upper bound of the wave length in our calculation is about the radius of the "opaque disk", that is 6 × 10 10 m for the supermassive black hole in our galaxy corresponding to a frequency as 0.005 Hz. Therefore the planned space-based detectors, such as LISA [19] , Taiji [16] and Tianqin [17] , could observe this type of event. There is no theoretical lower limit of the wave length in our calculation. The realistic lower bound only depends on the sensitivity gravitational wave detectors. For the ground-based interferometers detectors it is ∼ a few hundreds Hz.
The time delay between observing the bright spot and dark stripe depends on the black hole mass (M), the relative position of the system (r and θ ) and the wavelength (k) as indicated in Eq. 25. Assume that the three points, the source of the gravitational wave, the center black hole of the Galaxy, and the earth are collinear, we just live on the gravity diffraction axis and we are just in a central bright spot of a gravitational wave now, for a wave with frequency 100 Hz (0.1 Hz), we will witness the minimum of the first dark stripe in 5.4 (5400) days, and experience the secondary maximum in the 8.5 (8500) days whose luminosity is 16% of the central bright spot. Numerical factor setting this scale corresponds to M = 4 × 10 6 M ⊙ , r = 2.3 × 10 20 m, the velocity of the sun in the Galaxy is 240 km/s.
The proposed Poisson-Arago spot for gravitational waves is a waveform independent phenomena, since we use a time independent scattering theory. One just needs to search the amplitude pattern according to Eq. 25. To observe such bright and dark strips with planned gravitational wave detectors, we need a relatively stationary source, for example compact binary system in the early phase of inspiral for space-based detectors, pulsars as continuous gravitational-wave sources for ground-based detectors, or binary-extreme-mass-ratio inspirals for both space-based and ground-based detectors [18] . To study the waves from fast changing sources, for example the binary stars being about to merge or merging, one need to consider time-dependent scattering theories.
